Electron-electron correlation forms the basis of difficulties encountered in many-body physics. Accurate treatment of the correlation problem is likely to unravel some nice physical properties of matter embedded in this correlation. In an effort to tackle this many-body problem, a symmetrydependent partition function for the correlation energy between two interacting states of helium atom is suggested in this study. Using this partition function, a simple parameter-free pseudopotential for a two-electron system is derived. The groundstate, singly and doubly excited state non-relativistic energies generated by the potential are in good comparison with literature values.
I. INTRODUCTION
Helium atom and helium-like ions are the simplest many-body systems containing two electrons which interact among themselves in addition to their interaction with the nucleus. The two-electron systems are therefore the ideal candidates for studying the electron correlation effects.
Several theoretical approaches have been employed in the past in dealing with the electron correlation problem. Some of the approaches include the variational Hylleraas method [1, 2] , coupled channels method [3] , the configuration interaction method [4] , explicitly correlated basis and complex scaling method [5] . At present only the Hylleraas method, which includes the interelectronic distance as an additional free co-ordinate, yields the known absolute accuracy of the groundstate energy of the helium atom [6] .
Configuration interaction methods have also been proved to be accurate but they are quite expensive computationally. To overcome the computational challenges especially for really large systems, single active electron (SAE) methods become advantageous, although some approximations are necessary in developing the model potentials [7, 8] . Reasonably accurate eigenvectors and energies can be generated using the model potentials. The major limitation of SAE approximations is the inability to explain multiple electron features like double excitation, simultaneous excitation and ionization, double ionization, and innershell transitions. However, progress is being made towards the realization of these features.
The development of the single particle potentials is an active field of study taking different approximations [9] like the independent particle approximation (IPA), multiconfigurational Hartree-Fock (HF) [10] , density functional theory (DFT) [11] , random phase approximation (RPA) [12] , and many others.
In our previous works [13] [14] [15] [16] , we have developed a theory for resolving the electron-electron interacting term with a goal of making the Hamiltonian separable. The separated Hamiltonian makes it possible to reduce the complex system to a one particle problem. The theory advanced requires the use of a suitable partition function for the results to be accurate. In reference [14, 15] , a classical partition function is suggested but the method required the use of an approximation to make the Hamiltonian fully separable. The classical partition function resulted into a central pseudopotential yielding reliable energies for excited states of n−electron atoms for 2 ≤ n ≤ 12, although it performed poorly for groundstate energies. The equal partitioning of the correlation energy on the other hand resulted into a perfectly separable Hamiltonian and was quite successful in predicting the non-relativistic groundstate energies for helium, lithium, and beryllium atoms, all having spherical symmetry in their groundstate. The equal partitioning is however poor in predicting energies of non-spherical states.
In reference [16] , a quantum mechanical symmetrydependent partition function is suggested for n−electron atoms where 2 ≤ n ≤ 12. This partition function yields the expected groundstate energies for the atoms and reasonable excited state energies for lithium atom. The partition function however does not yield the expected accuracy for the excited states of helium atom.
In this work, a symmetry-dependent partition function for helium atom is suggested. With the partition function, the corresponding non-relativistic Hamiltonian is completely separable resulting into an independent particle problem. We obtain reliable results for the groundstate, excited states, and the doubly excited states of helium atom using the present method.
II. THEORY
The non-relativistic Hamiltonian of a two-electron system with a nuclear charge Z is given by
where the first term correspond to the sum of the kinetic energy of each of the two electrons, the second term to the sum of the interactions between each of the electrons and the nucleus, and the last term to the electron-electron repulsion between the two electrons. The second and the last term form the potential energy function of a bound two-electron system. In our previous work [13] , it was shown that the electron-electron interaction analytically simplifies to
because of orthogonality of the two interacting quantum states. In the independent particle method, the single particle potential function
for a two-electron system, using the mean field, can be completely separated [15, 16] as
by minimizing the function with respecting to the scaling parameter r i . Factor η li in equations (3) and (4) corresponds to a partition function which ensures the sharing of the electron-electron interaction energy between the two interacting electrons as a function the orbital angular momentum of the i th electron. We have seen in our previous works [15, 16] that the equal sharing (η li = 1/2) of the electron-electron interaction is quite successful in approximating the groundstate ionization potentials of helium, lithium, and beryllium because of their spherical symmetry.
In this work, a symmetry-dependent partition function
for helium atom is suggested. The partition function is based on the mean value theory advanced in our previous paper [16] but with the mean values empirically determined for helium atom. With the partition function, the corresponding non-relativistic Hamiltonian is completely separable resulting into an independent particle problem. With this potential, the single particle Hamiltonian
for helium atom is defined. The eigenvalues of a twoelectron system can then be evaluated as [13] 
where ε αα = h(r i ) is the eigenvalue of a single electron orbital. Factor 4 in the above equation arises from both exchange and degeneracy consideration for states with α = α ′ . For a helium atom with one electron considered to be in the ground state and the other electron occupying an excited state α ′ , ε αα is approximately equal to the core energy eigenvalue, E core = −2.00000, for the helium ion in its ground state.
III. RESULTS AND DISCUSSIONS
We have developed a single electron potential for helium atom given by equation (4) . The pseudopotential is used to calculate the 1snl eigenvalues for helium atom as shown in table I for angular momenta of up to l max = 7. The results are presented for the first five principal quantum numbers for each angular momentum values. In generating our results, a B-spline radial box of 600 B-splines, r max = 200, k = 10, and a non-linear knot sequence is used.
Sing.
Ref. [17] and the non-relativistic reference values for helium atom [5] .
The results generated with the potential presented is in good agreement with the references values [5] at larger values of n and l as expected. The singlet and triplet values are the reference experimental [17] results. We can observe that the present results are close to the triplet values while the reference theoretical data are close to the singlet values. It is also clearly visible in the present results that the accidental degeneracy, where states having the same principal quantum numbers but different angular momentum quantum numbers have the same energies, is completely removed. This is a consequence of the symmetry-dependent interaction potential used.
The largest discrepancy between the present results and the literature values stem from the lowest lying spherically symmetric states. This discrepancy seems to stem from the influence of coherences, which are vanishing in our non-relativistic case. The coherences also help in distinguishing between the singlet and triplet states of helium.
From equation (4), it can be deduced that the nuclear charge screening effect of the other electron can be determined exactly. The charge screening can be seen to depend on the nuclear charge and the angular momentum of the active electron. This work therefore modifies the existing theory of charge screening [18] by introducing symmetry dependence in it.
In table II, we present the eigenvalues of autoionizing levels of helium relative to the groundstate energy. The eigenvalues have been evaluated using equation (7). We have also determined the non-relativistic excitation energies of the 2s 2 and 2p 2 autoionizing states from the present method to be 59.19 eV and 64.31 eV respectively against the known experimental values of 57.8 eV and 62.2 eV [19] respectively. The excitation energy for the 2p 2 autoionizing state is an improvement of the value presented in ref. [13] since the current separable Hamiltonian for helium breaks the degeneracy of states with equal principle quantum number but different orbital angular momentum quantum numbers. The present method is advantageous in that, unlike other methods tackling electron correlation, there is no inherent approximation involved in the treatment of the electron-electron interaction and all the effects including electron exchange and correlation are evaluated exactly. The validity of the current method lies in the suggested partition function which in turn determines the quality of the results obtained.
Within the non-relativistic solution framework, the present results are in good comparison to the literature values can be deemed to be reliable especially for nonspherical (l = 0) symmetry states. For states with spherical (l = 0) symmetry, the method is only accurate for the groundstate and autoionizing states while it overstimates the binding energies of the singly excited states. The inaccuracy arises because of the non-inclusion of coherences. The relative importance of these coherences is expected to vanish within the framework of non-relativistic quantum mechanics. In ref. [13] , it was shown that with the inclusion of some relativistic corrections, the groundstate energy of the helium atom is accurately reproduced.
With the symmetry-dependent partition function,the electron correlation problem is exactly solved. For helium atom, we are led to a conclusion that the nonrelativistic ground state energy is −2.9103. This implies that the accurate value of −2.9037 can only be achieved if the higher-order corrections are incorporated into the Hamiltonian of helium atom. The success of the present method validates the use of equation (3) derived in our previous paper [13] . It is important to note that the same equation is also the basis of hyperspherical co-ordinates method developed by Macek [21] . We can therefore the present method as a modification of the hyperspherical co-ordinates method.
IV. CONCLUSION
Accurate treatment of the electron-electron interation is the key to resolving uncertainties in many-body physics. Many existing methods for solving the manybody problems are quite expensive computationally. In this work, a symmetry-dependent partition function for helium atom is suggested. A simple separable parameterfree Hamiltonian for helium atom yielding reasonable and degenerate non-relativistic eigenvalues is consequently obtained. The singly and doubly excited state energies
